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Abstract
A nonlinear vector supersymmetry for three-dimensional topolog-
ical massive Yang-Mills is obtained by making use of a nonlinear but
local and covariant redefinition of the gauge field.
1 Introduction
Nowadays, it is well established that the topological field theories (TFT) [1]
are characterized, besides their BRST invariance, by a further symmetry car-
rying a Lorentz index [2, 3, 4, 5]. This additional invariance has been called
vector supersymmetry since the corresponding generators give rise, together
with the BRST generator, to a supersymmetric algebra of the Wess-Zumino
type. The existence of the vector supersymmetry has been first detected in
the case of the three-dimensional topological Chern-Simons theory quantized
in the Landau gauge [2, 3] and later on has been extended to others TFT
as, for instance, the BF models [4, 6] and the Witten’s cohomological field
theories [5]. It is worth remarking here that, actually, the existence of the
vector susy can be established by purely cohomological methods, relying on
the fact that the energy-momentum tensor of the TFT can be set in the form
of an exact BRST variation [7].
On the other side, in a recent series of works [8, 9], it has been proven
that three-dimensional gauge theories of the Yang-Mills type in presence of
the topological Chern-Simons term can be cast in the form of a pure Chern-
Simons action through a nonlinear but local and covariant redefinition of
gauge field. Indeed, in the case of the topological massive Yang-Mills theory
whose action is given by the sum of the Chern-Simons action and of the
Yang-Mills term
STMYM (A) = SCS (A) + SYM (A) , (1)
where
SYM (A) =
1
4m
tr
∫
d3x FµνF
µν , (2)
SCS (A) =
1
2
tr
∫
d3x εµνρ
(
Aµ∂vAρ +
2
3
gAµAνAρ
)
, (3)
we have
STMYM (A) = SCS(Â) , (4)
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with
Âµ = Aµ +
∞∑
n=1
1
mn
ϑnµ (D,F ) . (5)
The parameters g,m in eqs.(2) , (3) identify respectively the coupling constant
and the so called topological mass [10]. As shown in ref.[8], the coefficients
ϑnµ turn out to be local and covariant, meaning that they can be expressed
in terms of the field strength Fµv and its covariant derivatives. For instance,
the first terms of the redefinition (5) have been found
ϑ1µ =
1
4
εµστF
στ ,
ϑ2µ =
1
8
DσFσµ ,
ϑ3µ = −
1
16
εµστD
σDρF
ρτ +
g
48
εµστ
[
F σρ, F τρ
]
,
ϑ4µ = −
5
128
D2DρFρµ +
5
128
DνDµD
λFλν
−
7
192
g
[
DρFρτ , F
τ
µ
]
−
g
48
[
DνFµλ, F
λν
]
. (6)
The equation (4) expresses the classical equivalence, up to a field redefini-
tion, between the topological massive Yang-Mills and the pure Chern-Simons
action.
It seems therefore natural to ask ourselves if, due to the equation (4),
the vector supersymmetry may still be present when the Yang-Mills action is
added to the pure topological Chern-Simons term. This is the purpose of the
present letter. We shall be able, in particular, to prove that the topological
massive Yang-Mills action (1) does posses in fact the vector supersymmetry.
Furthermore, unlike the pure Chern-Simons case, the vector supersymme-
try is now realized nonlinearly on the fields and, in analogy with the field
redefinition (5), can be cast in the form of a power series in 1/m.
The work is organized as follows. In Sect.2 we briefly recall the supersym-
metric structure of pure Chern-Simons. The Sect.3 is devoted to the analysis
of the vector susy in the case of the topological massive Yang-Mills theory.
3
2 Vector susy in the pure Chern-Simons the-
ory
In order to recall the main features of the vector susy in pure Chern-Simons
theory [6, 7], we first quantize the model by adopting a transverse Landau
gauge condition. For the gauge fixed action we get
ΣCS (A) = SCS (A) + tr
∫
d3x (b∂µAµ + c∂
µDµc) , (7)
where the fields b, c, c denote respectively that Lagrange multiplier and the
Faddeev-Popov ghosts. For the BRST transformations we have
sAµ = −Dµc = − (∂µc+ g [Aµ, c]) ,
sc = gc2,
sc = b ,
sb = 0 , (8)
with
sΣCS = 0 . (9)
It is easily checked now that the quantized action ΣCS is left invariant by the
following vector type transformations:
δµc = Aµ ,
δµAv = εµvρ∂
ρc ,
δµb = ∂µc ,
δµc = 0 , (10)
with
δµΣCS = tr
∫
d3x
(
Aµ
δ
δc
+ εµvρ∂
ρc
δ
δAv
+ ∂µc
δ
δb
)
ΣCS = 0 . (11)
In addition, the generators δµ, s give rise to the following anti-commutation
relations
4
{δµ, δv} = 0 ,
{s, δµ} = ∂µ + (equations of motion) , (12)
which, closing on-shell on the translations, yield a Wess-Zumino type super-
symmetric algebra. The eqs.(10) are known as the vector susy transforma-
tions, since the generator δµ carries a Lorentz index. It is worth noticing here
that the vector susy (10) is linearly realized on the fields and that it has been
proven to play an important role on the proof of the ultraviolet finiteness of
the Chern-Simons theory [3, 6].
3 The case of topological massive Yang-Mills
In order to discuss the existence of the vector susy for the topological massive
Yang-Mills action (1), we remind that the coefficients ϑnµ in the equations (5),
(6) have been proven [9] to transform covariantly under the BRST transfor-
mations, i.e.
sϑnµ = g
[
ϑnµ, c
]
. (13)
As a consequence, the redefined field Âµ transforms as a connection, namely
sÂµ = −
(
∂µc+ g
[
Âµ, c
])
. (14)
Therefore, if we choose as the gauge fixing condition a Landau condition for
the connection Âµ, i. e.
∂µÂµ = 0 , (15)
for the quantized topological massive Yang-Mills action we get:
ΣTMYM (A) = STMYM (A)
+tr
∫
d3x
(
b∂µÂµ + c∂
µ
(
∂µc+ g
[
Âµ, c
]))
. (16)
Moreover, recalling from eq.(4) that
STMYM (A) = SCS (A) +
1
4m
tr
∫
d3xF 2 = SCS
(
Â
)
, (17)
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the equation (16) becomes
ΣTMYM (A) = ΣCS(Â) (18)
= STMYM(Â) + tr
∫
d3x
{
b∂µÂµ + c∂
µ
(
∂µc+ g
[
Âµ, c
])}
.
The expression (18) is easily recognized to be the quantized Chern-Simons
action (7) viewed as a functional of the gauge connection Âµ instead of Aµ.
It is apparent therefore that the quantized action ΣTMYM (A) is left invariant
by the following vector transformations
tr
∫
d3x
(
Âµ
δ
δc
+ εµvρ∂
ρc
δ
δÂv
+ ∂µc
δ
δb
)
ΣTMYM (A) = 0 . (19)
Moving now from the connection Âµ to the gauge field Aµ, we obtain the
nonlinear vector susy Ward identity for the quantized topological massive
Yang-Mills action we were looking for
WµΣTMYM = 0 , (20)
Wµ = tr
∫
d3x
(
(Aµ +
∞∑
n=1
1
mn
ϑnµ)
δ
δc
+ εµαβ∂
αcMβλ(x)
δ
δAλ
+ ∂µc
δ
δb
)
,
where the kernel Mβλ(x) is given by
Mβλ(x) =
∫
d3y
δAλ(y)
δÂβ (x)
, (21)
and is easily obtained by inverting the transformation (5) . We see thus that,
as already mentioned, the vector susy Ward identity for the massive topo-
logical Yang-Mills theory is realized nonlinearly, due to the presence of the
coefficients ϑnµ and of the kernel M
β
λ(x) in the Ward operator Wµ. Fur-
thermore, as in the case of the field redefinition (5), the vector susy Ward
operator Wµ can be expanded in a power series in 1/m, yielding
Wµ =
∞∑
n=0
1
mn
Wnµ . (22)
For the first terms of the series we get
W0µ = tr
∫ (
Aµ
δ
δc
+ εµαβ∂
βc
δ
δAα
+ ∂µc
δ
δb
)
, (23)
6
W1µ = tr
∫ (
ϑ1µ
δ
δc
+
1
2
Dρ∂
ρc
δ
δAµ
−
1
2
Dµ∂
ρc
δ
δAρ
)
,
W2µ = tr
∫ (
ϑ2µ
δ
δc
+
1
8
εµνρ
(
3D2∂ρcδνα − 3DνDα∂ρc− [∂ρc, F να]
) δ
δAα
)
,
W3µ = tr
∫
(ϑ3µ
δ
δc
+
1
2
(
1
4
Dν
[
∂ρc, F νρ
]
+
5
8
D2Dρ∂
ρc−
[
∂ρc, ϑ2ρ
]) δ
δAµ
+
1
2
(
3
8
[∂νc,DρFνµ]−
[
∂ρc, ϑ2µ
]
−
9
8
Dµ [∂
νc, F ρν ]
−
9
8
Dν
[
∂νc, F ρµ
]
−
5
4
Dρ [∂νc, Fνµ] +
1
4
Dν [∂ρc, Fµν ]
+
5
8
(
DνD
ρDµ∂
νc−D2Dµ∂
ρc−DµD
ρDν∂
νc
)
)
δ
δAρ
) .
Notice also that W0µ in the eqs.(23) coincides with the vector susy Ward
operator δµ (11) for the pure Chern-Simons. Finally, according to eqs. (12),
for the algebra generated by the BRST operator and by the vector susy Ward
operator Wµ we obtain the following on-shell Wess-Zumino type algebra
{s,Wµ}Av = ∂µAv + 2εvµρ
∫
d3y
δAλ(y)
δÂρ (x)
δΣTMYM (A)
δAλ(y)
,
{s,Wµ} c = ∂µc ,
{s,Wµ} c = ∂µc ,
{s,Wµ} b = ∂µb . (24)
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